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Self-averaging of random and thermally disordered diluted Ising systems
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Self-averaging of singular thermodynamic quantities at criticality for randomly and thermally diluted three-
dimensional Ising systems has been studied by the Monte Carlo approach. Substantially improved self-
averaging is obtained for critically clustered~critically thermally diluted! vacancy distributions in comparison
with the observed self-averaging for purely random diluted distributions. Critically thermal dilution, leading to
maximum relative self-averaging, corresponds to the case when the characteristic vacancy ordering tempera-
ture ~u! is made equal to the magnetic critical temperature for the pure three-dimensional~3D! Ising systems
(Tc

3D). For the case of a high ordering temperature (u@Tc
3D), the self-averaging obtained is comparable to that

in a randomly diluted system.@S1063-651X~99!11008-0#

PACS number~s!: 05.50.1q, 75.10.Nr, 75.40.Mg, 75.50.Lk
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Systems with quenched randomness have been studie
tensively for several decades@1#. One of the first results wa
the establishment of the Harris criterion@2#, which predicts
that weak dilution does not change the character of the c
cal behavior near second order phase transitions for sys
of dimensiond with specific heat exponent lower than ze
~so calledP systems!, apure,0⇒vpure.2/d, in the nonran-
dom case. This criterion has been supported by several re
malization group~RG! analyses@3–5#, and by scaling analy-
sis @6#. It was shown to hold also with strong dilution b
Chayeset al. @7#. For apure.0 ~called R systems!; for ex-
ample, the Ising 3D case, the system fixed point flows fr
a pure ~undiluted! fixed point towards a new stable fixe
point at whicha random,0 @3–8#.

For a random hypercubic sample of linear dimensionL
and number of sitesN5Ld, any observable singular proper
X presents different values for the different realizations
randomness corresponding to the same dilution. This me
that X behaves as a stochastic variable with average@X#,
variance (DX)2, and a normalized square widthRX
5(DX)2/@X#2. A system is said to exhibit self-averagin
~SA! if RX(L)˜0 as L˜`. If the system is away from
criticality, L@j, j being the correlation length, the centr
limit theorem indicates that strong SA must be expect
However, the behavior of a ferromagnet at criticality, whe
j@L, is not so obvious. This point has been studied recen
Wiseman and Domany~WD! investigated the self-averagin
of diluted ferromagnets at criticality by means of finite-si
scaling calculations@9#, concluding weak SA for both theP
and R cases. In contrast Aharony and Harris~AH!, using a
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renormalization group analysis ind542e dimensions,
proved the expectation of a rigorous absence of s
averaging in critically random ferromagnets@10#. More re-
cently, WD used Monte Carlo simulations to check the la
of self-averaging in critically disordered magnetic syste
@11#. The absence of self-averaging was confirmed. T
source of the discrepancy with their previous scaling analy
was attributed to the particular size dependence of the di
bution of pseudocritical temperatures used in their work.

Quenched randomness has been investigated basicall
der two different constraints, a grand-canonical constra
@average density of occupied spin sites~p! fixed# and a ca-
nonical constraint@total number of occupied sites~c! con-
stant#. The applicability of the result obtained by Chay
et al. also to canonical ensembles, implying universality b
tween both kinds of constraints, has been recently inve
gated@12,13#. Monte Carlo simulations@11,13# indicate uni-
versality for RX in the grand-canonical ensembles wi
different concentrations~p!. Universality between results ob
tained in the canonical and the grand-canonical constrain
very large values ofL is implied by the work of Aharony
et al. @13#.

In all cases previously investigated frozen disorder w
always produced in a random way; that is, vacancies w
distributed throughout the lattice randomly. Real system
however, can be realized in other kinds of vacancy distri
tions. In particular, dilution in a ferromagnetic lattice can
produced by an equilibrium thermal order-disorder distrib
tion of vacancies, governed by a characteristic ordering te
perature~u!. If this ordering temperatureu is high enough,
the equilibrium thermal disorder will be similar to the ra
dom disorder of previous investigations. However, ifu hap-
pens to coincide with the characteristic magnetic criti
temperature (Tc

3D54.511617) of the undiluted system, ne
possibilities are open. In the present work we study the
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fects on the magnetization self-averaging in diluted fer
magnets obtained by thermal vacancy distributions in thr
dimensional Ising systems using the Monte Carlo approa
We will study the self-averaging or lack of it in these sy
tems and will compare the results with those obtained w
random vacancy distributions for the same concentration

In order to actually produce these so called thermally
luted systems we take the following steps: First we th
malize the pure system at a given temperature~u!, finding a
numberN1 of ~1! sites and a numberN2 of ~2! sites in
thermal equilibrium. Then we consider the minority kin
either~1! or ~2! and we label them as vacancies, therea
freezing in the disordered system. Only sites of the majo
kind will be occupied by spins. Once the spin system h
been prepared in this way, we can study any singular m
netic physical property at a given temperature~T!.

The spin system~i! so constructed will have a magnet
site concentrationci5uNsu/N, where Ns is the number of
majority spins from the pure system andN5N11N2 is the
total number of sites. For a large enough value ofL and u
>Tc

3D , ci will approach 0.5 in most cases.
We perform Monte Carlo calculations of the magnetiz

tion per spin at criticality for systems thermally and ra
domly diluted, using in both cases the Wolff@14# single clus-
ter algorithm @15# with periodic boundary conditions, o
lattices of different sizesL. Determinations of the magneti
critical temperature for different dilutions@Tc(p)# were in
good agreement with those previously given with high ac
racy by Heuer@16# and by Wisemanet al. @11#.

We consider thermally diluted samples at two differe
values of u ~u54.51155Tc

3D and u51000@Tc
3D! for the

same value ofL540. We can compare this thermal distrib
tions of vacancies with the equivalent random distribut
with probability p50.5. We will consider the magnetizatio
per spin for each sample at criticality; that is, the magneti
tion Mi@Tc(p)# for each realization ‘‘i’’ within the full set of
samples. In order to show at a glance the resulting disper
in c and in M, we use a scattered plotc vs M, where each
point on the plane represents an actual realization of a g
density of spinsci and a given magnetization per spinMi .
This plot contains more information than the usual his
grams.

First we consider what we may call thehypercriticalcase
whereu51000. Results are shown in Fig. 1 forL540. As
expected, both diluted sets realized by thermal and rand
dilution look almost the same, showing the equivalent effe
of a high ordering temperature and random dilution. His
grams for the magnetization are shown, at the ‘‘gran
canonical’’ case withp50.5 andc.0.5 ~in our realizations,
there are never more vacancies than spins!. Similar normal-
ized square widths are found,RM

random'RM
thermal'0.06 in both

cases. They are smaller than the ones on Ref.@13# due to the
fact that for usc.0.5 always.

Next we consider thecritical case,u5Tc
3D . Results are

shown in Fig. 2 again forL540. The situation changes com
pletely. Now the critically thermally ordered set behaves d
ferently, with an increase in the dispersion inc. The magne-
tization has been calculated at thecritical temperature for a
dilution equal top50.5,Tc(p50.5) in order to compare the
normalized square width in both cases. In this case we
-
e-
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extremely low values of the normalized square width for t
thermally diluted set of samples in the ‘‘grand-canonica
case,RM

thermal'1023, which is around 60 times smaller tha
the width found for the random case.~See the width differ-
ences in the histograms on Fig. 2!.

To study the self-averaging evolution we must consid
the behavior of the normalized square withRM with the
length L of the system. Consequently we have diluted t

FIG. 1. Scattered plot of the concentration of spins~c! versus
the normalized magnetization per spinM /@M #. ~@M# is the media of
the magnetization in all the realizations:@M # random'@M # thermal

'0.15.! Results are shown for the random case withp50.5 and
c>0.5 ~open circles! and the hypercritical thermal case withu
51000@Tc

3D ~black circles!. Dispersion of the magnetization an
dispersion of the concentration are similar in both cases. The i
shows the histograms for the values of the normalized magne
tion in both dilutions. The upper case corresponds torandomdilu-
tion and the lower tothermaldilution. Note the equivalence of the
shapes resulting in similar values for the normalized square wid

FIG. 2. Scattered plot of the concentration of spins~c! versus
the normalized magnetization per spinM /@M #: @M # random

'0.15; @M # thermal'0.6. Results are shown for the random case w
p50.5 andc>0.5 ~open circles! and the critical thermal case with
u5Tc

3D54.511617~black circles!. Dispersion of the magnetization
data is increased in the random dilution case and dispersion o
concentration is increased in the thermal disposition. The in
shows the histograms of the values for the normalized magne
tion in both cases. The upper case corresponds to random dilu
and the lower one to thermal dilution. Note the difference of t
shapes resulting in different values of the normalized square wid
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systems thermally at criticality (u5Tc
3D) for different values

of L. Of course, in all these realizations for critical therm
cases, the corresponding value ofp depends on the value o
L, but tends always to 0.5 asL increases as it should. W
have then calculated the magnetization forT5Tc(p50.5) in
order to compare the evolution of the normalized squ
widths of the thermally diluted cases under the ‘‘gran
canonical’’ constraint with the respective widths correspo
ing to random dilution withp50.5.

The evolution withL of the full scattering plot~M vs c!
for the critical thermal case is presented on Fig. 3. Note h
the evolution with increasingL of the ‘‘cloud’’ of points
reduces the dispersion in the values ofc, and the ‘‘cloud’’
tends to that for the canonical case, as should be, accor
to @13#. This behavior is also appreciable for random di
tion, even when the decrease in the dispersion onc is not so
easily seen, due to the restriction top50.5 only~see inset in
Fig. 3!. A more accurate statistical study will be needed
investigate quantitatively the behavior ofRM with the dimen-
sionL of our system, and, in agreement with Ref.@13# higher
values ofL will be needed to find total universality of be
havior between canonical and grand-canonical constrain

The main result of this study is the substantial improv
ment in the self-averaging using a thermal distribution
vacancies for allL values considered under the ‘‘gran

FIG. 3. Scattered plot of the concentration of spins~c! versus
the normalized magnetization per spinM /@M # for critical random
dilution at different lengths~L!, L520 ~black circles!, L530 ~open
circles!, andL540 ~black squares!. We find @M # thermal'0.9 for L
520, @M # thermal'0.7 for L530, and @M # thermal'0.6 for L540.
Note the decrease in the dispersion ofc asL increases. This behav
ior means that, asL increases, the system tends to a constant va
of c50.5 corresponding to the canonical constraint. The in
shows the same scattered plot but now for the random case
p50.5 andL520 ~black circles! andL540 ~open circles!.
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canonical’’ constraint withp50.5 andc>0.5. The normal-
ized squared widthRM of the magnetization is alway
around one order of magnitude bigger for the random c
than for the critically thermally diluted disposition of vaca
cies ~see Fig. 4!.

Intuitively, an equilibrium thermal distribution of vacan
cies at criticality implies a clustered distribution of bo
spins and vacancies for a given distribution level~p,c!. This
implies an increase in the relative number of bonds betw
neighboring spins, and therefore an increase of the orde
and a subsequent decrease of the normalized square w
for the magnetization.

We can summarize our results as follows: using
Monte Carlo approach we have investigated diluted fer
magnets using a new method to specify the vacancy di
bution which allows the ‘‘thermal’’ clustering of both th
magnetic atoms and magnetic vacancies under spe
‘‘thermal’’ conditions. This kind of thermal dilution gives
results totally equivalent to those obtained with the us
random dilution method when the order-disorder distribut
of the vacancies is obtained away from criticality~hypercriti-
cal conditionsu@Tc

3D! but it gives strongly different results
at critical conditions (u5Tc

3D).
In conclusion, our Monte Carlo results in critically the

mally diluted ~as opposed to randomly diluted! ‘‘grand-
canonical’’ samples withL increasing show substantial sel
averaging improvement of the magnetization in thre
dimensional highly diluted (p50.5) Ising ferromagnets.

We gratefully acknowledge financial support from DG
CyT through Grant No. PB96-0037.
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FIG. 4. Log-log plot of the normalized squared width of th
magnetizationRM versus the lengthL of our system for the ‘‘grand
canonical’’ case. Results are shown for the random dilution w
p50.5 andc>0.5 ~open circles! and for the critically thermally
dilution ~black circles!.
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